ON THE UNIQUENESS FOR THE SPATIALLY HOMOGENEOUS 
BOLTZMANN EQUATION WITH A STRONG ANGULAR SINGULARITY 

NICOLAS FOURNIERi, HELENS GUERIN^ 

Abstract. We prove an inequality on the Wasserstein distance with quadratic cost between two 
solutions of the spatially homogeneous Boltzmann equation without angular cutoff, from which 
we deduce some uniqueness results. In particular, we obtain a local (in time) well-posedness 
result in the case of (possibly very) soft potentials. A global well-posedeness result is shown for 
all regularized hard and soft potentials without angular cutoff. Our uniqueness result seems to 
be the first one applying to a strong angular singularity, except in the special case of Maxwell 
molecules. 

Our proof relies on the ideas of Tanaka 1151 : we give a probabilistic interpretation of the Boltz- 
mann equation in terms of a stochastic process. Then we show how to couple two such processes 
started with two different initial conditions, in such a way that they almost surely remain close 
to each other. 
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1. Introduction and main results 

1.1. The Boltzmann equation. Let f{t,v) be the density of particles witli velocity ^; G at 
time t > in a spatially homogeneous dilute gas. Then under some assumptions, / solves the 
Boltzmann equation 

(1.1) dtMv)= f dv, f daB{\v-v,\,9)[Mv')Mv:)-Mv)ftM], 
where the pre-coUisional velocities are given by 

(1.2) V : 



2 2*2 2 

and 9 is the so-called deviation anqle defined by cos 9 = ■ a. The collision kernel B = 

^ \v—v^\ 

B[\v — 6*) — B{\v' — v'.^\,9) depends on the nature of the interactions between particles. 

This equation is quite natural: it says that for each w S M'^, new particles with velocity v appear 
due to a collision between two particles with velocities v' and w^, at rate B{\v' — v'^^\,9), while 
particles with velocity v disappear because they collide with another particle with velocity w*, at 
rate B{\v — v^,\,9). See Desvillettes [5] and Villani [IF for more much more details. 
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Since the collisions are assumed to be elastic, conservation of mass, momentum and kinetic energy 
hold at least formally for solutions to (|l.ip . that is for alH > 0, 

(1.3) f ft{v)(f>{v)dv= f fo{v)(f>{v)dv, ^{v) = l,v,\v\^, 

and we classically may assume without loss of generality that faiv) dv = 1. 

1.2. Assumptions on the collision kernel. We will assume that for some functions $ : K+ i-^ 
R+ and f3 : (0,7r] ^ (0,oo), 

(Al) B{\v-v^\,0) sin6' = $(|w-w,|)/3(6'). 

In the case of an interaction potential V{s) — l/r*, with s G (2, oo), one has 

(1.5) $(z) = z^, P{e) ^cste-^-"", with 7 = ^— ^ e (-3,1), i^=^-G(0,2). 

s — 1 s — 1 

On classically names hard potentials the case when 7 G (0, 1) (i.e., s > 5), Maxwellian molecules 
the case when 7 = (i.e., s = 5), moderately soft potentials the case when 7 G (—1,0) (i.e., 
s G (3, 5)), and very soft potentials the case when 7 G (—3, —1) (i.e., s G (2, 3)). 

In any case, J^^ (3{6)d9 = +00, which expresses the affluence of grazing collisions^ that is collisions 
with a very small deviation. We will assume here the general physically reasonnable conditions 



(A2) / /3{9)d9 = +C50, m := / 6^ 

Jo Jo 



p{9)de < +00. 



We now introduce, for 9 G (0, tt], 

(1.7) H{9) := [ I3{x)dx and G{z) := H-\z). 



Here H is a continuous deacreasing bijection from (0,7r] into [0, +00), and its inverse function 
G : [0,+oo) ^ (0,7r] is defined by G{H{9)) = 9, and H{G{z)) ^ z. We will suppose that there 
exists K2 > such that for all x,y E M+, 



2 ^ . (x-y)^ 



(A3) / {G{z/x) - G{z/y)y dz < K2 



Concerning the velocity part of the cross section, we will assume that for all x,y G 

(1.9) +min(a;,?;)|x-y||$(a:) -$(?/) I < (x - y)2[*(a;) + *(y)]. 

for some function : R+ R+, with for some 7 G (—3, 0], some K3 > 0, for all x G M+, 

(A4(7)) <S{x) < KgX^. 

Under Assumption ((A4)(7)), we can easy see that necessarily for all x G M+, ^(x) < ^'(a;), and 
then $(a;) < k^x"^ . 
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These assumptions are not very transparent. However, the foUowing lemma, proved in the appen- 
dix, shows how they apply. Roughly, (A3) is very satisfying, (A4(0)) corresponds to regularized 
velocity cross sections, while (A4(7)) allows us to deal with general soft potentials. 

Lemma 1.1. (i) Assume that there are < c < C and v £ (0,2) such that for all G (0, tt], 
^Q-y-i < ^(g,) < ce-"-^. Then (A2-A3) hold. 

(a) Assume that $(a;) — imii{x°',A) for some A > 0, some a G R, or that ^(x) ~ {e + x)" for 
some £ > 0, a < 0. Then (A4(0)) holds. 

(Hi) Assume that for some 7 G (—3,0], $(a;) — x^ . Then (A4(7)) holds. 

1.3. Goals, existing results and difficulties. Wc study in this paper the well-posedness of the 
spatially homogeneous Boltzmann equation for singular collision kernel as introduced above. In 
particular we are interested in uniqueness and stability with respect to the initial condition. 

In the case of a collision kernel with angular cutoff, that is when JJ^ [3{9)d9 < +00, there are some 
optimal existence and uniqueness results: see Mischler-Wennberg [14] and Lu-Mouhot 'T3\. 

The case of collision kernels without cutoff is much more difficult, but is very important, since it 
corresponds to the previously described physical collision kernels. This difficulty is not surprising: 
on each compact time interval, each particle collides with infinitely (resp. finitely) many others in 
the case without (resp. with) cutoff. 

In all the previously cited physical situations, global existence of weak solutions has been proved 
by Villani [18^ by using some compactness methods. 

Until recently, the only uniqueness result obtained for non cutoff collision kernel was concerning 
Maxwellian molecules, studied successively by Tanaka [111, Horowitz-Karandikar [T^], Toscani- 
Villani [T7]: it was proved in [T7] that uniqueness holds for the Boltzmann equation as soon as $ 
is constant and (A2) is met, for any initial (measure) datum with finite mass and energy, that is 



There has been recently three papers in the case where /3 is non cutoff and <i> is not constant. 
The case where <& is bounded (together with additionnal regularity assumptions) was treated in 
[S], for essentially any initial (measure) datum such that /]jd(l + \v\)fo{dv) < 00. More reahstic 
collision kernels have been treated by Desvillettes-Mouhot [S] and Fournier-Mouhot [TT] (including 
hard and moderately soft potentials). However, all these results apply only when assuming the 
following condition, stronger than (A2), 



In particular, this does not apply to very soft potentials (s G (2, 3]). Weighted Sobolev spaces were 
used in ^5;, while the results of [11] rely on the Kantorovich-Rubinsten distance. 

In the present paper, we obtain the first uniqueness result which can deal with the case where only 
(A2) is supposed. Our result is based on the use of the Wasserstein distance with quadratic cost. 
The main interest of our paper concerns very soft potentials, for which we obtain the uniqueness 
of the solution provided it remains in LP(M.'^), for some p large enough. Since we are only able to 
propagate locally such a property, we obtain some local (in time) well-posedness result. 

Our method certainly applies to the case of hard potentials. We however do not treat this case 
in the present paper, since there are already some available uniqueness results, as said previously. 



Im^i^ + M^) foidv) < +00. 



(1.11) 
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Let us also mention that in a companion paper, we use a similar method to get some uniqueness 
result for the Landau equation with soft potentials, which was still open. 

Our proof is probabilistic, and we did not manage to rewrite it in an analytic way. The main idea 
is quite simple: for two solutions (/t)t>o, ift)t>o to the Boltzmann equation, we construct two 
stochastic processes {Vt)t>o and (Vf)t>o whose time marginal laws are given by (/t)t>o and (/t)t>o, 
and which are coupled in such a way that E[\Vt — Vt|^] is "small" for all times. This bounds from 
above the Wasserstein distance with quadratic cost between ft and ft. 

1.4. Notation. Let us denote by (resp. C^, resp. C^) the set of C^-functions : M"^ ^ R of 
which the second derivative is bounded (resp. of which the derivatives of order to 2 are bounded, 
resp. which are compactly supported). 

Let also LP{R^) be the space of measurable functions / with ||/||lp(r3) ;= [J^a f^{v) dv) < +oo. 
Let ViE?) be the set of probability measures on K , and 

7'2(M3) ^ {/ g V{M?), m^if) < oo} with TO2(/) := / f{dv)- 

For a S (—3,0], we introduce the space J'a of probability measures / on M'^ such that 

(1.12) Jaif) ■= sup \v - v^\°'f{dv^) < oo. 

Of course, for any probability measure /, Jo(/) = 1. Let L°°([0, T], P2(R^)), L\[0,T], LP(R^)) 
and L^{[0, T], J'a) be the sets of measurable families (/t)te[o,T] of probability measures on with 
sup[Q m2(/t) < +00, ||/t||Lp(R3) dt < +00, and Ja{ft)dt < +oo respectively. 

1.5. Weak solutions. We follow here 9\ For each X G W^, we introduce I{X), J{X) G R'^ such 
that (|^, n^T' '\^x \ ) orthonormal basis of R'^. We also require that I{—X) = —I{X) and 
J{—X) = —J{X) for convenience. For X,v,v^ G R'', for 9 G [0,7r] and (p G [0, 27r), we set 



(1.13) 



T{X,ip) (cos(/7)/(X) + (sinv3)J(X), 

v' v'iv, v,,e, ip):=v- i^(f - v,) + '^T{v ~ v^.ip), 
< ■.= v',{v,v,,e,^) :^x;, + i^(«-z;,)-2i|er(«-D,,(^), 
a :— a{v, v^,9, ip) := {v' - v) — ~{v'^ — u*). 



which is nothing but a suitable spherical parameterization of (|1.2p : we write cr G as u = 

I * cos 9 + -r sm 9 cos H — r sm 9 sm os. 

Let us observe at once that 

(1.14) u'(i;,,w,6l,(^) = <(u,w,,6',¥3), <(u*, w, 6*, (/?) = v'(w, w,, i^), 

(1.15) w'(w, Vr,TT - 9,ip) = v'^,{v, v^,,9, tp + 7r), vl{v, w*, tt — 9,ip) = v'{v, w*, 6*, p + tt). 

Let us define the notion of weak solutions we shall use. 

Definition 1.2. Let B be a collision kernel which satisfies (A1-A2). A family f — {ft)te[Q,T] G 
L°°{[0,T],V2{R^)) is a weak solution to [Tj\) if 

(1.16) / dt [ ft{dv) [ ft{dv^)mv~v,\)\v~v,f <+^, 
Jo Jr^ jr3 
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and if for any (f> G C^, and any t G [0, T], 

ft 



(1.17) / <j){v)ft{dv) = / <j,{v) foidv) + / ds / f,{dv) / /,(d«,)^0(«,^;,), 

JR3 JR3 Jo JR3 JR3 

where 

(1.18) ^0(^;,^;,) = ifcM /■ /3(0)d0 / d^[0(«') + 0«)-0(«)~0(z;»)]. 



As noted by Villani [IE\ p 291], one has, for all v, £ R^, all 9 e [0, tt], all </> £ 



(1.19) 



OO ' 

2tt 



d^ [0(«') + 0«)-0(«) -</>(«,)] 



<cinic 



q2 I |2 
7 W - W* , 



SO that thanks to assumption (A2), (|1.16p ensures that all the terms in p.l7p are well-defined. 
The proof of (|1.19p is given in the appendix for the sake of completeness. 

1.6. A suitable distance. Let us now introduce the distance on 7^2(1^^) we shall use. For g,g G 

'P2{R^), let Ti{g,g) be the set of probability measures on x with first marginal g and second 
marginal g. We then set 

W2igrg) = inf<!(/ \v-v\'Gidv,dv))^ , GeH(g,.g)| 

R3xR3 / 




(1.20) = min<j ( / \v~v\^G{dv,di))) , GeHig,g)\. 

/r3xR3 / J 

This distance is the so-called Wasserstein distance with quadratic cost. We refer to Villani [20l 
Chapter 2] for more details on this distance. 

Our result is based on the use of this distance. A remarkable result, due to Tanaka [15 , is that 
in the Maxwellian case, that is when $ = 1, t W2{ft, ft) is nonincreasing for each pair of 
reasonnable solutions /, / to the Boltzmann equation. 

1.7. The main results. Our main result is the following inequality. 

Theorem 1.3. Assume (Al-A2-A3-A4(7)) for some 7 G (—3,0]. Let us consider two weak 
solutions (/t)te[o,T],(/t)t6[o,T] to lying m L°°([0, T], P2(K3)) n ^^([O, T], J^). Assume fur- 

thermore than for all t G [0, T] , ft (or ft) has a density with respect to the Lebesgue measure on 
R'^. There exists a constant K = K{ki, K2, K3) such that for all t G [0, T], 

(1.21) W2{ftJt) < W^2(/o,/o)exp (^kJ^ J^{fs + fs)ds 

Observe here that the technical assumption that ft has a density can easily be removed, provided 
one has some uniform estimates on J-y{ft), as will be the case in the applications below. 

We first give some application to the case of mollified velocity cross sections. 

Corollary 1.4. Assume (Al-A2-A3-A4(0)). For any /o G 7^2 (R^), any T > 0, there exists a 
unique weak solution (/t)tg[o.T] G i°°([0, T], 'P2(1R'^)) to il.l]) . Furthermore, there exists a constant 
K = K{ki, K2, K3) such that for any pair of weak solutions {ft)t&[o,T] and ift)te[o,T] to il.l]) in 
L^{[0,T],V2{M.'^)),anyt>0, 

(1.22) W2{ft,ft)<W2{foJo)e''*. 
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We now apply our inequality to the case of soft potentials. 

Corollary 1.5. Assume (Al-A2-A3-A4(7)) for some 7 G (-3, 0] , and let p e (3/(3 + 7), 00). 
(i) For any pair of weak solutions (/t)te[o,T]; (/t)te[o,T] to U.l\l lying in L°°([0, T], 7'2(]R-"^)) H 
{[0,T], LP {R^)), there holds 

(1.23) Vie[0,r], T4^2(/t,/t) < W^2(/o,/o) exp(^ifp^ [I + WfsWL^m + WhWrnm^d^ 

where Kp depends only on 7,p, ki, K2, K3. Uniqueness and stability with respect to the initial con- 
dition thus hold in L°°{[0,T],V20&^)) n L^{[0,Tl LP{R^)). 

(a) For any /q G P2(R^) □^^(R'^), there exists — r,(||/o||LP(R3),p, 7, ki, K2, K3) > such that 
there exists a unique weak solution (/t)te[o,T.) to (Tj^ lying m ij^^([0, T,), P2(K^) n ^^(M^)) . 

The rest of the paper is dedicated to the proof of these results. We first state some preliminary 
lemmas in Section [51 Since the rigorous proof of Theorem 11.31 handled in Section 31 is quite 
complicated, we first give some formal arguments in Section [3l Corollaries 1 1 . 41 and 1 1 . 51 are checked 
in Section [51 Finally, an appendix containing technical computations lies at the end of the paper. 

2. Preliminaries 

We start by a suitable way to rewrite the collision operator. The main interest of the following 
expression is that we make disappear the velocity-dependance $(|u — u*|) in the rate. Such a trick 
was already used in [TU]. 

Lemma 2.1. Assume (A1-A2) and set 

(2.1) Ko:=7r/ {I -cos 9) I3{e)de. 



Recalling |J.7| ) and U.13\) . define, for z G (0, 00), £ [0, 27r), v,v^ £ R? , 

(2.2) c(w, w*, z, ip) := a[v, u,, G'(z/$(|u - | )),(/?] . 

We have A(f>{v,v^:) — ^[A4>{v,v^,) + A4>{v^,,v)] for all v,v^ G and G C^, where 



—kq^(\v — u*|)V0(w).(w — w,) 

dz / d(y9 ((/)[« + c(u, w,, (/9 + (^0)] — 0H — cb, I'*, ^, <y5 + 'y3o]-V(/)[f;]l 

(2.3) -Ko*(k-w*|)V0(w).(w-f,), 

the second equality holding for any ipQ G [0, 27r) (which may depend on v,Vf, z). As a consequence, 
we may replace A by A in {1.1'T^ . 

This lemma is proved in the appendix. Let us now recall a fundamental remark by Tanaka [15] . 
slighlty precised in [9, Lemma 2.6]. We use here notation (|1.13p . 

Lemma 2.2. There exists a measurable function ip^ -.R? xR? ^ [0, 27r), such that for all X,Y ^ 
R^, all ip G [0,27r), 

(2.4) \T{X,cp) ~T{Y,p + ipo{X,Y))\ <3\X -Y\. 

The following fundammental estimates, on which our results rely, are proved in the appendix. 
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Lemma 2.3. Assume (A1-A2-A3) and U.9\) . There exists a constant C = C(ki,K2) such that 
the following estimates hold, 
(i) For V, v^,,v, -D, G M'^, 



(2.5) 
(2.6) 

(2.7) 
(2.8) 



dz / d(p|c(w, w,, z, (^)p < C|u — p<i>(|w — u*|), 
Jo 

dz / dip\c{v,v^, z,ip) - c{v,v^, z,ip + (po{v — Vt:,v — v^))\'^ 
Jo 

<C{\v- + \v, - d.f){'fi\v ~v,\) + ^i\v - v^j), 



dz 
dz 



dip c{v, v^,,z, (f) 



< C\v - w*|$(|w - w*|), 



dip[c{v,v^, z, if) - c(w,w,, z, if)] 

< C{\v -~v\ + |w* - v,.\){^{\v - w*!) + *(|u - u,|)). 
(ii) For any (p £ , any v,v^, E M.^ , 

(2.9) \Miv,v*)\ < - V,]) {\v - v,\.\\(j)']\^. + ]v- f,ni<^"||oc) . 

(Hi) For any (f> E C'^ with supp (f) C {\v\ < x}, for all v, G , 



\A(f>{v,V^)\ < C {\\(j>'\\oo\v -'V^\ + \\(l)"\\oo\v -V^f)^{\v -V^\)l{\^\<2x} 



(2.10) 



+C^II'^llc 



\v ~ i;*p$(|t; - v^\) 



{|i>|>2£c}- 



We now state again some estimates that will be usefull when passing to the limit in some cutoff 
Boltzmann equations. 

Lemma 2.4. We assume (A1-A2-A3) and U.9\) . For k >1 and x G we set 



(2.11) h'^{x):^TT dz[l-cos(G[z/$(x)])] a«rf£g(x) 



Glk/<l>(x)] 



^/3{e)de 







There exists a constant C = C(ki, K2) such that for all v, £ R'^, all x,y € R+, all k > 1, 

(2.12) / dz I dip\c{v,v^,z,ip)f < C\v - v*f^{\v - v^DeqUv ~ v^\) 

(2.13) 
(2.14) 

Furthermore, e§ is bounded by ki, and for all x £ R+, limfe£Q(a;) = 0. 
This Lemma will be checked in the appendix, as the following continuity property of A. 



\xh'^{x) - yh'M < C\x - y\{^{x) + vl/(y)), 
\k,qx^{x) - xh^{x)\ < Cx<b{x)£^{x). 



Lemma 2.5. Assume (Al-A2-A3-A4)(7), for some 7 G (—3,0], and consider g G 7'2(K^) fl J~^. 
Then for any (j) £ C'^, u Jjjg g{dv^:)A<j){v, u,) is continuous on 9? . 
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3. A SHORT AND UNRIGOROUS PROOF 

We give here the main idea of this paper in the cutoff case. In the case without cutoff, we are not 
able to give a direct proof (not relying on the use of Poisson measures, martingale problems,... see 
the next section). We consider a solution {ft)te[o,T] to the Boltzmann equation. Then 

(3.15) ^ [ <j>iv)Mdv) = [ Mdv) [ Mdv,)A<l>{v,v,), 
and we can formally write 

(3.16) A(t){v,v,) ^2tt dz -E[cj){v + civ,v.,z,ip))-<j){v)]. 

Jo Jo 

This roughly means the following: take a particle at random at time t, and call its velocity Vt. 
Then Vt is /(-distributed. Then for all z G R+, it will collide, at rate 2-Kdz, with another particle 
with velocity (independant and also /(-distributed), it will choose a uniformly in [0, 27r), and 
its new velocity after the collision will be Zt{z) := 14 + c{Vt, 1^*, z, a). Let us call A(/f , z) the law 
ofZt(z). 

Then if we have two solutions {ft)te[^.T]i {ft)te[o.T] to f|l.ip . it is natural to think that 

(3.17) Jt^2ift, ft) < 27Tdz[Wi{A{ft, z), A{ft,z)) - WHftJt)]. 

Indeed, at each time t, for each z, ft and ft are replaced by A(/t, z) and A(/t, z) at rate 27rdz. 
Such an inequality can be rigorously and easily obtained when truncating the integral dz into 
dz, by using the dual formulation of the Wasserstein distance (see Villani pUj). 

We then claim that for all pair of laws /, / on , 

(3.18) / 27Tdz[W^{A{f, z), A(/, z)) - W^{f, /)] < CW^f, f)[J,{f) + J^(/)], 

JO 

where C depends only on ki,K2,K3, see (Al-A2-A3-A4)(7). Gathering p.l7p and l|3.18p . Theo- 
rem 11.31 would follow immediately from the generalized Gronwall Lemma 16.11 
Let us prove (|3.18p . Consider thus /, / two probability distributions on , and two couples {V, V) 
and (V^, ,V^,) with V and T4 /-distributed, V and t4 /-distributed, with {V,V) independent of 
(K, K), and such that E[\V - V\^] = E[\V^ - V^\^] = WHfJ). Choose a uniformly distributed 
on [0, 271") (independent of everything else) , and set a = a + ipo{V — Vt:,V — Vt,) (modulo 2tt) , where 
(fio was introduced in Lemma [2.21 Then a is also uniformly distributed on [Q,2tt), and is also 
independent of {V,V,Vt,,V). As a consequence, Z{z) = V + c{V,V^, z,a) is A(/, z)-distributed, 
and Z{z) = V + c{V, V,z, a) is A(/, z)-distributed, so that 



(3.19) Ty|(A(/,z), A(/,z)) - Wiif,f) < E[\Z{z) - Z(z)p -\V- T/p] 5{z). 
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But a simple computation using (|2.6p and (|2.8p shows that for some constant C — C(ki, K2, 

J /"OO /'2n 1 

dzS{z) = dz -^E \c{V,V,,z,^)-c{V,V,,z,^ + ^a{V -V,,V -V,))\^ 

Jo Jo ^'^ L 

+2(1/ - V) (ciV, K , z, (^) - ciV, V.,,z,ip + ipo{V'V,,V-V,))) 

< CE \(\v - + IK - v;n(*(|v - K|) + *(|v^ - KD) 

(3.20) < CE \\V - V\^{\V -V,p + \V- Kp) 

by a symmetry argument and (A4)(7). Using finally the definition of and the independance of 
{V, V) and (K, K), one easily deduces that 

dz5{z) < Ce\\V ~V\'^]{snpE[\v -V^\'']+ sup E[\i ~V^p]) 

(3.21) = cwUfJ~)[Mf) + Mf)]- 

This concludes the proof of (|3.18p . 

4. Coupling Boltzmann processes 

To prove Theorem 11.31 we will use some probabilistic arguments, which is of course a natural way 
to couple two solutions of the Boltzmann equation. We follow the line of Tanaka [15] (see also 0), 
who was dealing with the Maxwellian case, that is $ = 1. 

In the whole section, C (resp. Ct) stands for a constant whose value may change from line to line, 
and which depend only on ki, K2, K3, 7 (resp. ki,K2,K3, 7, T). 

Recall that = D([0, T], R^) stands for the Skorokhod space of cadlag functions, see Ethier-Kurtz 
[S] for many details on this topic. We consider a filtered probability space {^t)t£[o.T]i P)- 

Notation 4.1. Let g ~ {gt)te[o.T] be a measurable family of probability measures on MP. 

(i) We say that N is a g-Poisson measure if it is a (J-t)ti^[o,T]-Poisson measure on [0,T] x x 
[0,00) X [0, 27r) with intensity measure dsgs{dv)dzdip. We denote by N its compensated Poisson 
measure. 

(ii) For fc > 1, Vq a J-Q-measurable M?-valued random variable and N a g-Poisson measure, we 
define (14'^)te[o.T] the unique solution to 



(4.1) 



K' = Vo 



"'0 



271 



c{V^_, V, z, tp)N{ds, dv, dz, d(p). 



Then (Vj'^)te[o,T] *s adapted to {!Ft)tG[o,T] o,Tid belongs a.s. to Dt- We will refer to (V^'^)te[o.T] as 
the {VQ,g,k,N) -process. Its law does not depend on the choice of the probability space, on N, and 
depends on Vq only through its law. 

The existence and uniqueness of is obvious, because iV([0, T] x R'^ x [0, k] x [0, 2tt)) is a.s. finite, 

so that (|4.ip is nothing but a recursive equation. 

We will show the following result at the end of this section. 

Lemma 4.2. Assume (Al-A2-A3-A4(7)), for some 7 G (—3,0]. Consider a weak solution 
{ft)te[o.T] e i°°([0,T],7'2(K^)) n L'^{[0,T],J.y) to ![T1}) . Consider any TQ-measurable random 
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variable Vq ~ /o- Consider a f-Poisson measure N, and for each fc > 1, the {Vq, f, k, N) -process 
{^t')te[o,T]- For each t G [0,T], denote by the law of . Then 

(4.2) lim supM/|(/t,/f) = 0. 



Thus we will study a solution / to through its related stochastic process V^ . We start with 
some moment computations. 

Lemma 4.3. Assume (Al-A2-A3-A4)(7) for some 7 G (-3,0]. Let g G L°°([0, T], 7'2(K^)) H 
L^([0, T], ^-y). There exists a constant Kxig) depending only on T, 7, ki, K2, '*3, <? such that for 
each fc > 1, Vb G , each g-Poisson measure N, the {Vq, g, k, N) -process (V'f'^)te[o,T] satisfies 



(4.3) 



E 



sup |V/ 

[0,T] 



fc|2 



<i^T(5){l + i?[|^o|']}. 



the Doob inequality, that for t G [0, T], £;[sup[o,ti l^/p] < C{i;[|Vbp] + At + Bt}, where 



Proof. Let fc > 1 be fixed. Writing the Poisson measure A'^ as + dsgs{dv)dzdip, we obtain, using 

gs{dv) 



At E 



2-iT 



dz I dLp\c(y^,v,z,ip)\ 
Jo 



(4.4) 

Using now 
(4.5) 



Bt 



E 



sup 

[o,t] 



ds 



k <.27r 

5s(du) I dz dLpc{V^ ,v,z,if) 
Jo 



and then (A4(7)), we get 



At < CE 



ds / gs{dv)\V^ - v\^+'^ 



while (P?7)) and (A4(7)) yield 
(4.6) 



We then have to divide the study into several cases. 

Case 7 G [-1,0]. Then 7 + 2 G [0,2], so that \V^ - v\'^+'^ < C(l + \V^^\^ + \v\^), and one 
easily checks that At < Ct(1 + /J m,2{gs)ds + /p E[\V^\'^]ds). Furthermore 7 + 1 G [0, 1], so that 
- < C(l + IV^,*^! + |w|). Thus Bt < Ct(1 + /o m2(g,)ds + /J E[\V,''\^]ds) by the Cauchy- 

Schwarz inequality We finally find £; [sup [q,*] [F/I^] < Ct(1+-B[|V"o|2]+/o m2(5s)ds+/Q i;[|F/|2]ds) 
and the conclusion follows by the Gronwall Lemma, since m2{gs)ds < cxd by assumption. 

Case 7 G [—2,-1]. Since 7 + 2 G [0,2], we obtain as previously At < C(l + m2{gs)ds + 
/q E[\V^^\'^]ds). On the other hand, 7 < 7 + 1 < 0, so that - < 1 + |y/ - v\f . Recalling 

(HHD, we deduce that J^^ gs{dv)\V^^ ~ v\'^+^ < 1 + /ga gsidv)\V^^ - < 1 + J^igs), and thus 
Bt < C|/o(l + J^(5,))ds|2. We finally get £;[sup[o,t] |F/|2] < Ct(1 + E[\Vo\''] + J^m2{gs)ds + 
E[\V^\'^]ds + |/q(1 + J.y{gs))ds\'^), and the conclusion follows by the Gronwall Lemma, since 
Jq 'm2{9s)ds + jj" Jy{gs)ds < cxd by assumption. 
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Case 7 G (—3, —2]. Since 7 < 7 + I < 0, we obtain as previously that Bt < C\ J^{1 + Jj{gs))ds\'^ . A 
similar argument, using that 7 < 7+2 < (and thus x'*^'^ < yields At < C (1 + J^(5s))'^s. 

We finally find E[sup[o,t] l^.'l'] < CTiE[\Vo\^] + J^{1 + J^(g,))ds + | (1 + J^(5,))ds|2), and the 
conclusion follows, since J'y{gs)ds < 00 by assumption. □ 

Tanaka [15] (see also [9l Lemma 4.7]) observed the following elementary fact. 

Lemma 4.4. Consider a {J-t)te[o^T]-Poisson measure fi{ds,dx,dip) on [0,T] x F x [0, 27r) with 
intensity measure dsv{dx)d(p, for some measurable space space F endowed with a nonnegative 
measure v. Then for any predictable map (p* : x [0, T] x ^ [0, 27r), the random measure 
fi^{ds, dx, dip) on [0, T] x F x [0, 27r) defined by 

(4.7) fi^A)^ / / llAis,x,Lp + ip^{s,x))n{ds,dx,dip) V A C [0, T] x x [0, 27r) 

Jq Jf Jo 

is again a {Tt)t£[o,T]-Poisson measure with intensity measure dsv{dx)dLp. Of course, we write 
Lp + (y5,(s,a;) for its value modulo 27r. 

Our main result will be based on the following proposition. 

Proposition 4.5. Assume (Al-A2-A3-A4(7)), for some 7 G (—3,0]. Let k > 1, Vq,Vq two 
J-Q-measurable -valued random variables. We also consider g and g in L°°([0, T], 7^2(1^^)) H 
L^([0, T], jZy). Let us finally consider, for each s G [0,T], Rg £ 'H{gs,gs) such that s t-^ Rg is 
measurable. We may find a g-Foisson measure N and a g-Poisson measure M such that, for 
the (Vq, g, fc, N)-process and the (Vqj M)-process, the following property holds, 
(i) If"f e (-3,0), setai-f) = min(l/|7|, I7I/2) > 0. For all L > I, all t e [0,T], 

E[\Vt'' - V^'^p] < E[\Vo - Vbp] + KT{g,g, Vo, Vb)L-"(^) 

(4.8) +C [ dsE [ Rgidv,dv)\\Vg^ ~Vg^\^ + \v~v\^}mm{\Vg'' -vp + \Vg^ ~vp,L)} 

where Kt{Vo,Vo, g, g) depends only on T,^, ki, K2, k^, g,g and E[\Vo\'^], E[\Vo\'^]. 
(li) If-f^ 0, for allt e [0,T], 



(4.9) E[\Vt'' - V;'^!^] < E[\Vq - Vq\^] +C f dsE 



Rs{dv, dv)\\V,^ - F/f + \v- 



Proof. Let thus fc > 1, g,g, Vq, Vq, and {Rs)se[o,T] be as in the statement. We introduce a Poisson 
measure A on [0, T] x (E^ x M'^) x [0, 00) x [0, 2it) with intensity measure dsRsidv, dv)dzdip. Then, 
since the restriction of this measure to 2: g [0, k] is a.s. finite, there exists a unique pair of processes 
i^t')t€[o,T] and (Vt'')te[o,T], solution of 

pt p ph p'2'K 

Vt^VQ+ / / / c{V^_,v,z,^)/^{ds,d{v,v),dz,d'p), 
Jo Jm^xR^ Jo Jo 

pt p pk p27T 

(i.lO) Vt" = Vo + / / / c{V,t,v,z,^ + MV^-~v,V,''_-i))A{ds,d{v,d),dz,d^), 
Jo Jr^xr^ Jo Jo 
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where ipo was introduced in Lemma 12.21 Consider now the random measures N and AI defined on 
[0, T] X R3 X [0, oo) X [0, 27r) by 

/ / lA{s,v,z,^)A{ds,d{v,v),dz,d<fi), 
_:3xE3Jo Jo 

rT r roo i-It: 



(4.11) M(A)= / / / / 1a(s,v,z,(^ + </7o(K_ -«))A(ds,d(i;,^),dz,d(p). 

Then ISS is classically a g-Poisson measure, since for each s, gs is the first marginal of Rg. Furthe- 
more, M is a g-Poisson-measure, since for each s, gs is the second marginal of -R^, and due Lemma 

(sa). 

Thus {yt)t(i{ti.T\ (resp. (F'')te[o.T]) is the (Vb, 5, fc, 7V)-process (resp. the (Vb, 3, ^, Af)-process). 
Next, setting for simphcity c :— ciy^-^v, z, ip) and c := c(V,*L, w, 2, + V'o(K- ~ ^1 K- ~ we 
get 

JO JR^xK-'' Jo JO 

(4.12) A{ds,d{v,v),dz,dip). 
Hence, taking expectations, 

E[\V,'' -Vt''\^]^E[\Vo-Vo\^] 

(4.13) +/ dsEl [ Rs{dv,dv) [ dz I dip[\c - + 2{V^ ~ V^) .{c - c)]\ . 



Now, using (|2.6p . (|2.8p and (A4)(7), we easily deduce that a.s., 



27r 

dz I d^[\c-'c\' + 2{V^-V^).{c^~c)] 
Jo 

(4.14) < c{\v^ - v;'=p + 1« - z}p)(|F/ -v\'^ + - «r), 

while using (|2.5p . (|2.7|) and (A4)(7), we obtain a.s. 



27r 

~|2 I n/Trk -Trkx 



dz d^[|c-5|^ + 2(F/-F/).(c-5)] 
Jo 

(4.15) < c\v^ - + c\v^ - + c\v^ - \\v^ - v\^+^ + |v;^ - . 

If 7 = 0, dm follows immediately from (|4?T3l) and (|4?T4l) . We thus now assume that 7 G (— 3, 0). 
Let L > 1 be fixed. We insert (jrii)) (resp. in when - + it^/ - w]^ < i (resp. 

\V^ - vY* + - v\'< > L), and we obtain 

Em'^ - Vl'l'] < E[\Vo - Vbp] + C^(/^^ + J^'^) 

i=l 

(4.16) +C f dsE f Rs{dv,di,)\\Vs^ -V^^\^ + \v-i\^}mm{\Vs^ -v\'^ + \Vs^ -ip^L)} 

Jo LjR3xR3 J 
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where 



(4.17) 



rl,L 



t2,L 



t3,L 



dsE 



dsE 



dsE 



dsE 



Rs{dv,dv)\V^ -v\^+'^\{\V>'-v\-<>L/2] 
Rs{dv,di)\V^ -ij\^+''\{\y.^„\,^L/2] 

Rs{dv,di)\V^ - V^WVt ~ ^;r+^l{|y^.-„|.>L/2} 



and where l]''" ^ if'^ have the same expressions replacing , , v, v by V^,V^, v, v. 

We first treat the case of /^^^. Since Rg £ gs) and 7 £ (—3, 0), and using notation (|1.12p one 

has 



rl.L 



dsE 



9s{dv)\Vj' ~ w|^+''l{lK,fc-„|7>L/2} 



(4.18) 



< CL^^'f / dsE 



9s{dv)\V,'-vr 



< CL^/^ f dsJ.y{gs) < KT{g)L- 
Jo 



1(7) 



since 2/\j\ > a(7). Similarly, since I/I7I > a(7) 



r3,L 



(4.19) 



dsE 



< CL^I^E 



\V^-V^\ / ff.WlK'-«r+^l{|K'=-.|-'>L/2} 



dsJ^(g,) < KTig,g,Vo,Vo)L-''^''\ 



sup(|v;'=| + |v;'=| 

[0,T] 



where we used Lemma lOl We now study if''" when 7 G [—2, 0), so that 7 + 2 G [0, 2). Using the 
Holder inequality, we get 



It'^ < E 



E 



< CE 



ds / Rs{dv,dv)\Vf -v\' 

Jr^xR^ 



ds / ~gs{di)\V,'-if 

JR3 



dsim2Cgs) + \Vs'\') 



ds / Rs{dv,dv)l[\v^k_^\-,yL/2} 

JR^xK^ 



ds / gs{dv)t{\vk~v\-'>L/2} 
JR^ 



JR3 ^/ ^ 



(4.20) < CL->^^{1 + snp m2{gs) + E[snp \V^^\^]} ( dsJ^igM < i^rls, 5, Vb)i^"^^', 



[O.T] 



[0,T] 
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by Lemma 1131 since G [0, 1] and \^\/2 > 0(7). We next study if' when 7 e (—3, —2), so 
that 7 + 2 g (—1,0). The Holder inequaUty yields 



if'^ < E 



E 



ds / Rs{dv,dv)\V^ -^[^ 

-/rSxR^ 



ds / ~gs{dv)\V^ -v\'' 



ds / i?s(dw,du)l{|yfc_„|T>L/2} 
JR3xR3 



ds / 5s(c^w)l{|y^'=-i,|T>L/2} 

"'r3 



(4.21) < C / dsJ^Cg,) / dsJ^{gs)] L^'^ < KT{g,g)L~''^^\ 



since 2/I7I > a{'~f). Let us now upperbound I^'^ in the case 7 G [—1,0), so that 1 + 7 G [0, 1) 
Using the Holder inequality, one finds as usual (since (1 +7)/2 < 1/2), 



/f-^ < E 



sup|y/-l-;i X ( / ds I Udv)\V^-i? 
[o,T] \Jo Jm? 



< CE 



^ [ I d^ i9s{dv)l{\v^k„v\-'>L/2} 

1 



sup(|y/| + |F/|) ^ ^ 1 + / ds{mM + iK^r) 

[lO,T] 



LJo 



dsJjigs 



< CL—{l + supm2{gs) + E[snv{\V^'\' + \V^^\')]}l dsJ^(g,) 

[0,T] [0,T] \Jo 

(4.22) < i^T(5,5,Vb,Vb)i~"^^', 

since (1 + |7|)/2 > 0(7) and by Lemma l473l Finally we consider /f'^ in the case 7 G (—3, —2), so 
that 1 + 7 G (7,0): 



sup|y;-Klx ( / ds / 5,(di))|v;'-^^r 

I- [0,T] \J0 JR3 



X / c's / 5.!!('^«)l{|y*-^|T>L/2} 

/O JRa 



< CLi/^i?[sup(|F,'=| + |V;^|)] / dsJ^(5,) 

[0,T] 



dsJj{gs) 



(4.23) < i^T(<?,ff,-K),Vb)i""^^^ 

since I/I7I > Q;(7). Using the same computations for //'^, ■■■if'^ , (|4.8p follows immediately. □ 



Admitting for a moment Lemma l4.21 we give the 
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Proof of Theorem [731 We thus assume (Al-A2-A3-A4(7)) for some 7 G (—3,0), the case 7 = 
is easier and left to the reader. We consider two weak solutions (/t)tG[o,T] and (/t)t6[o,T] to (jl.ip 
lying in i-([0,r],7'2(K3)) nLi([0,T]),J^). 

We consider two JFo-measurable random variables Vb ~ /o and Vo /o, such that W|(/o,/o) = 
^[|Vb-K)l^], and for each s G [0,T], we consider i?^ e n{fsjs) such that W^^fs, /«) = /k3xr3 I^^- 
'Dpi?s(<^i', rfi^)- Due to Fontbona-Guerin-Meleard [3 Theorem 1.3], s 1-^ i?s is measurable: indeed, 
since by assumption ft has a density for all t e [0,T], the minimizer Rt is unique (see e.g. Villani 
[13 Theorem 2.12]). 

Finally, for each fc > 1, we consider some (Vb, /, fc, Af)-process (V'f'^)tG[o.T] and some (Vq, f , k, M) 
process (V^''')te[o.T]: coupled as in Proposition [531 

We set w'^ := E[\Vt'' - V^'^p] for each fc > 1, each t G [0, T]. Using Lemma [H we deduce that for 

ah t G [o,r], 



(4.24) 



We observe at once that due to Lemma 14.31 and by assumption on /, / 



"t := Wiiftjt) < limsupu;f =: Wt- 

k 



(4.25) 



sup sup Wt + sup wt < 00. 

k [0,T] [0,T] 



Due to Proposition [531 we know that for all L > 1, all fc > 1, all t G [0, T], 



< wo + A'(r,/,/,vb,vb)i""^'^^ 



+C / dsE 



+C / dsE 



IK' - V;'^^ / Rs{dv,dv){\V,' vi-^ + \V,^ ~ iP) 
Rsidv,dv)\v -v\'^mm{\V,^ -v\'',L) 



+C dsE / i?,(rfw,dw)|u-w|2min(|V;'= -uP,L) 

Jo Ur^xRS 

(4.26) =: uo + KiTjJ,Vo,Va)L-"^'<^ + CAkit,L) + CBk{t,L) + CBk{t,L). 

First, recalling (|1.12p and that Rs G Hifs, /«), we observe that 



Akit,L) = 



dsE 



(4.27) 



< 



ds wUMs+fs)- 



Hence for all L > 1, using (|4.25p . the Lebesgue Theorem and that J-y(/s + fs) belongs to L^{[0, T]) 
by assumption. 



(4.28) limsupylfc(i,L) < / ds w^J-yifs + fs)- 

k Jo 

Next, one easily checks that for each s G [0,T], the map 1-^ ^^(w*) := / Rs{dv, dv)\v — 

JR^xR^ 

■Dp min(|u» — vp , L) is continuous on R'^ and bounded by 2_L(to2(/s) + ^2{fs))- Since furthermore 
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Jo (iTT-^ifs) + 'm-2ifs))ds < cx) by assumption, we easily deduce from Lemma 14.21 and the Lebesgue 
Theorem that 

\imBk{t,L) = ds Rs{dv,dv)\v — v\'^ / fs{dv^)min{\v^—v\'^,L) 

Jo Jr3xR3 Jr3 

< ds Rs{dv,dv)\v — v\'^ / fs{dv^,)\v^—v\'^ 

Jo Jr3xR3 Jr3 

(4.29) < / dsusj^ifs)< f dsWsJ^ifs). 

Jo Jo 

Using the same computation for Bk{t, L), we finaUy obtain, for all i > 1, 

(4.30) Wt<uo + KiT, /, /, Vo, Vo)L-"^^^ + C f WsJ-,{fs + fs)ds. 

Jo 

Making L tend to infinity, and using the generalized Gronwall Lemma 16. 1[ we deduce that for 
t e [0, r], wt < Moexp(C Jo J-yifs + fs)ds). Since W^2^(/t,/t) = ut < wt, this concludes the 
proof. □ 

It remains to prove the convergence Lemma 14.21 To this aim, we first prove a uniqueness result 
for a linearized Boltzmann equation. 

Lemma 4.6. Assume (Al-A2-A3-A4(7)), for some 7 G (—3,0]. Consider a weak solution 
f = ift)te[o,T] e L°°([0,T],7'2(R^))nLi([0,T], J^) to ([OP. Assume that for some g ^ igt)te[o.T] e 
L°°{[0,T],V2{S.^)) for all(j)€Cl all t e [0,T], 

(4.31) / Hv)9t{dv) = f 4>{v)fo{dv)+ f ds f g,{dv) f fs{dvM(f>{v,v^,), 
Js.3 Jr3 Jo Jm.3 Jr3 

with Acf) defined by 12.3\) . Then g — f ■ 

Proof. We thus assume (Al-A2-A3-A4(7)) for some 7 G (—3,0], and (unfortunately) use some 
martingale problems techniques. We consider a weak solution / = {ft)t£[Q,T] G L°°([0, T],V2{^^))^ 
L^{[Q,T],J^) to (jl.ip . We also consider, for each < > the operator At defined for G and 

w G by 



(4.32) Atc^iv)^ ft{dv,)A4>{v,v,). 

JR3 

We will prove that for any G P2(K^), there exists at most one g G L°°([0, T], P2(K^)) such that 
for all t > 0, all G Cl, 

(4.33) / (t){v)gt{dv) = / (i3{v)^i{dv) + f ds f g,(dv)A0(w). 

JR3 JR3 Jo JR3 

Since by assumption, / and g solve this equation with fi = fo, this will conclude the proof. 
Step 1. Let fi G p2(K^). A cadlag adapted M'^-valued stochastic process {Vt)te[o.T] on some filtered 
probability space {^,3-, {J-t)ti^[o,T]T P) is said to solve the martingale problem MP((A)t6[o,T], m) 
if P o Vq^ — pt and if for all cj) G C^, {Mf)t^[o.T] is a (JFj)fg[o,T] , ^')-martingale, where 

(4.34) Alt = (l^iVt) - / AsHVs)ds. 
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Assume for a moment that: 

(i) there exists a countable subset {4>k)k>i C such that for aU t G [0, T], the closure (for the 
bounded pointwise convergence) of {{(f>k, At4'k), k > 1} contains {{(f), Atcj)), (j) G C^}, 

(ii) for each vq G R^, there exists a solution to MP{{At)tGlo,T],5vg), 

(iii) for each vo G M.^, uniqueness (in law) holds for MP{{At)te[o,T], Sv„). 

Then, due to Bhatt-Karandikar [2, Theorem 5.2] (see also Remark 3.1 and Theorem 5.1 in j2j and 
Theorem B.l in [12 ), uniqueness for (|4.33p holds. 

Step 2. First, (i) holds: consider any countable subset {4>k)k>i C dense in , in the sense that 
for ^ G with supp ip C < x}, there exists a subsequence (/)k„ such that supp (/)k„ C {\v\ < 
2x}, and lim„^oo(||?/' - 0fe„||oo + M ~~ '/>fcJ|oo + W - (l^kjlco) ^ 0. 
We then have to prove that, for t G [0, T], 

(a) At(l>kr,{v) tends to Atip{v) for all v G M^, 

(b) and that sup„ ||A</'fc„||oo < oo. 

First, using Lemma I^T^ fii) and (A4)(7), we get, for v G M^, 

|A0fe„(w) - Ati^{v)\ = - i^]{v)\ 

(4.35) < C{\\^' - 0;j|oo + 11^" - CI loo) f Mdv,){\v - ^;*| + l^' - v,\^)\v - v,p, 

which tends to as n tends to infinity, provided at := ft (c?w* )(|w — + — w*P)|u — w*P < oo. 
But at< [ ft{dv^){l + 2\v-v^\^)\v~v^\^ < J^{ft) + 2 [ ft{dv^)\v - v^\^+^ . If 7 G [-2,0], then 

JR3 JR3 

w - < 1 + 2|u|^ + 2|u,p, so that a* < J-yift) + C{m2{ft) + 1 + |wp) < 00 by assumption. 

If 7 G (-3,-2), then \v - < 1 + |u - so that a* < 3J^(/t) + 1 < 00. Thus (a) 

holds, and it remains to prove (b). Set M :— sup„(| | |oo + H^fc^Jloo + I l'/'fc„ I loo)- If 7 G 
(—3,-2], then one easily deduces from (A4)(7) and Lemma [2.31 -fii) that for all t, all n, all v, 
^^t0fc„(w)| < CM(1 + Jy{ft)), which imphes (b). If 7 G (—2,0], we use Lemma [2^ (iii). and get, 
since \v - v^f+'' < 1 + 2|w|2 + 2|?;, |^ 

\MkAv)\ < CM f ft{dv,) 

JR3 

< CM [ ftidv,)[l + x^ + \v,\'' +x-^{l + \v,\^)] 

JR3 

(4.36) < CM{l + x^ + x-^ + m2{ft){l + x-^)). 

Step 3. Classical arguments (see e.g. Tanaka [TF!, Section 4] or Desvillettes-Graham-Meleard [H 
Theorem 3.8]) yield that a process {Vt)t^[o,T] on some filtered probability space (O, T, {Tt)t^[o.T]iP) 
is a solution to MP{{At)t£[o,T], ^vo) if and only if there exists, on a possibly enlarged probability 
space, a (^t)fg[o^T]-adapted /-Poisson measure N{dt,dv,dz,d(p) such that (recall the expression 
p.3|) of A, and that N stands for the compensated Poisson measure) 

pt /> />oo />27r 

Vt=vo+ / / / c{Vs-,v,s,(p)N{ds,dv,dz,d(p) 
Jo Jmo Jo 

(4.37) -Ko f ds f f,{dvM\Vs - v\)iVs - v). 

Jo 



{|ti|<4i:} + 



■1 



{|ii|>42;} 
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We thus just have to prove the existence and uniqueness in law for solutions to (|4.37p . 
Step 4- We now check that for {Vt)t£[o.T] a solution to (I4.37p . 



(4.38) 



E 



sup 1 14 P 

[0,T] 



< oo. 



We introduce, for n > 1, the stopping time t„ — mi{t > 0,\Vt\ > n}. Using the Doob and 
Cauchy-Schwarz inequalities, thanks to (|2.5[) and (A4)(7) we get 



E 



sup \Vs\^ 

[0,tAT„] 



< C\vo\^ + CE 



(4.39) 



ds I fs{dv) / dz d(p\c{Vs-,v,s,(f)\'^ 
Jm^ Jo Jo 

tAT„ p 2' 

ds / f,idvM\Vs- - v\)\Vs- - V 



+CtE 



< C\vor+CE 



t/\T„ 



ds / Mdv)\V, - v\''+^ 



ds / fs{dv)\Vs-v\^+-^ 



Separating as usual the cases 7 £ (—3, —2], 7 G (—2, —1] and 7 £ (—1,0] (see e.g. the proof of 
Lemma l4.3p . we obtain in any case 



E 



sup \Vs\ 

[0,tAT„] 



< C\vq\^ + CtE 



dsW, 



+ Ct Mfs)ds 



'Ct[ I J^{fs)ds] +Ct [ dsm^ifs) 



(4.40) 



<Ct{voJ) + Ct f dsE 
Jo 



sup IK 

[0,sAt„] 



sup[o,TAr„] l^.l' < CT{voJ)e^^'^. We 



The Gronwall Lemma ensures us that for all n > 1, _E 
immediately deduce that a.s., lim„ r„ = 00, and then that (I4.38P holds. 

Step 5. Let (Ft)tG[o,T] be a cadlag adapted solution to (|4.37p . for some /-Poisson measure N. 
Recall Lemma [121 and define (^t'^)tg[o,T] as the solution (which clearly exists and is unique since 
T^{z<k}Nids,dv,dz,dip) is a.s. finite) 

(4.41) V^^ = vo+ // / c{Vt,v,z,^ + ^o{Vs--v.Vs--v))N{ds,dv,dz,d^). 
Jo JrVo Jo 

The map (po(K- — "^.^I^- ~ being predictable, we deduce from Lemma 14.41 that A^o defined by 
Nq{A) = J^'^ 1a(s, v,z,ip + ipoiVs- - V, V^^_ - v))N{ds, dv, dz, dip) is still a /-Poisson 

measure. Hence (Vf'^)tg[o,T] is nothing but the (wq, /, fc, -/Vo)-process, and its law is entirely deter- 
mined by Wo and /, see Notation 14.11 

We will now show that {Vi )t>o goes in probability to (Vt)t>Oi which will yield the uniqueness of 
the law of (Vt)i>o and thus will end the proof of (iii). To this end, we first observe that due to 
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Step 4 and Lemma 11751 



(4.42) 


C{TJ,vo) -.^E 




+ supE' 


suplV^'^p 






jO,T] 


k 


[0,T] 



< oo. 



Then, we may rewrite, recalling (|2.1ip 



JRVO JO 



Vt" ^ yo+ I I I I c{V^_,v,z,^ + ^o{Vs--v,V,^_~v))N{ds,dv,dz,d^) 



(4.43) 



+ ds f,idv)h'^{\V^^~v\){V^^-v). 
Jo Jr3 



This is due to the fact that J^^ dz J^^ dipc{V, v, z,ip) = —{V — v)hQ{\V — v\). Hence, 



(4.44) 
where 



A. 



l,k 



A2,k 



^3,k 



.4,,k 



10 JWUO Jo 
nt p poo p2-jr 



k r2TT 

c{Vs^,v, z,ip) - c{V^_,v, z,ip + ipoiVs- - v,V^_ - v))]N{ds,dv,dz,dip), 
c{Vs-,v, z, ip)N{ds, dv, dz, dip), 

ds I fs{dv)[h',{\v. - vm -v)- /^o'dK" - - v)], 

ds [ fs(dv)[KQmVs - v\){Vs -v)- h'^ilVs - v\){Vs - v)]. 



JRVk Jo 
t r 



First, we immediately deduce from the Doob inequality, (|2.6p and (A4)(7), that 



E 



suplAi-^f 

[o,t] 



< C ds Udv)E iVs-V^'l^ilVs-vp + lV^^-vp) 

Jo JR^ '- 



< C / dsE 

JO 



(4.45) 

Next, Doob's inequality, ((2?T2)) and (A4)(7) yield 
(4.46) 



E 



supl^PP 

[0,t] 



<C ds Mdv)E [\Vs - +''£§(1^3 - v\ 

Jo JR^ 



as k tends to infinity, since due to Lemma 12.41 Eq is bounded and tends simply to 0, and since 
\Vs - belongs to L'^{dsfs{dv)P{duo)) (as usual, if 2 + 7 > 0, this follows from (ji:!^ and the 

fact that / e L°°([0,T],P2(IR^)), while if 2 + 7 < 0, we just use that / e L'^{[Q,T],J^)). 
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Using (|2.13p . (A4)(7), and then the Cauchy-Schwarz inequahty, we obtain 



E 



[o,t] 



< CE 



< CE 



k\f\T/ „,l'y I n7fc 



ds / Mdv)\V, - - vp + IF/ - vp) 

JR^ 



t X 2- 

ds\Vs^Vt\Mfs) 



(4.47) 



< C \ dsE[\Vs-V^\%J-,{fs) 



dsJ^ifs 



FinaUy, (I2.14p and (A4)(7) aUow us to obtain, 



(4.48) 


E 


suplA^'^p 


< CE 






_[0,t] 









ds / /,(d«)|y,-i;|i+^e§(|l^,-z;|) 



using similar arguments as for the study of A^'''. We thus obtain, for some rjk going to 0, some 
constant C{T, f), 



(4.49) 



E 



\Vt-V,'\' <Vk + C{TJ) I dsEilVs-V^'WM- 





The generahzed GronwaU Lemma WTU and the fact that / G L^{[Q,T], J'^) by assumption allow us 
to conclude that 



(4.50) 



E 



sup \ Vt - Vt 

[0,T] 



k\2 



<77fcexp[C(r,/) / dsJ^{fs)]^0 



as k tends to infinity. Hence (V't'^)tg[o,T] goes in probability to {Vt)t£[o^T]- 

Step 6. It remains to prove (ii), i.e. the existence for MP{{At)t^[Q^T]T5vo)- We use to this aim a 
Picard iteration. Let be a /-Poisson measure as in Step 2. We consider the constant process 
Vi = Wo, we set Lp^—Q and we define recursively 



yn+l 



(4.51) 



vo + / / / c(y^_,v, z,ip + ip':^{s,v))N{ds,dv,dz,dip) 
Ja JrVo Jo 

-no f ds I fsidvmv: - v\){v: - v), 

Jo Jr^ 



and ipn+i (s, v) — (/s* (s, v) + ipo{V^_^^ — v, Vp_ ~ v), where ipo is defined by Lemma [2?2l A compu- 
tation based on Doob's inequality using (|2.6p and that \x^{x) — y^{y)\ < min(a;, y)|$(x) — $(y)| + 
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\x - y\i<^>{x) + $(y)) < C\x - y\{x'' + y'') yields that for all t e [0,r], all n > 1, 



E 



8np\vr+'-vr\^ 

[o,t] 



< c ds Mdv)E[\vr - vr'i'iivr - z^r + 1^. 



^"-1 - wp) 



+CE 



ds / Mdv)\VJ^ 



< c f dsE[\vr-vr'WMs) 

Jo 



+C\ / dsJ^ifs) 



dsE[\v:-vr'\VMs) 



(4.52) 



< c{Tj) I dsE[\vr-vr'WMs)- 



Using Lemma I6TT1 we deduce that J^n ^ 
adapted process {Vt)t£[o.T] such that 



SUP[o,T]lK"+'-K"l' 



< cx), SO that there exists a cadlag 



(4.53) 


limi; 




= and 


sup \Vs\^ 


< oo 




n 


[0,T] 




[0,T] 





To show that {Vt)t>o satisfies MP{{At)te[o,T]:Svo)), we need to check that for all < si < ... < 
si<s<t<T,al\ </>!, (j)i e Cc(M^), and all cj) G C^, 



(4.54) 



E 



= 0. 



But we know from (|4.5ip that for all n > 1, 



(4.55) 



E 



= 0. 



It remains to pass to the limit in (|4.55p to obtain (|4.54p . It suffices to use (|4.53l) . and to observe 

that the map (wu)„e[o,T] ^((z'n)«e[o,T]) := (llLi "^^^ (^(wt) - (/-(ws) - X* X0(K)dw) is 
continuous on Bt (endowed here with the uniform convergence) and bounded. First, we have 
shown in Step 2-(b) that At(j) is bounded by (7^(1 + m2(/t) + J-yift)), and we easily deduce that 
/C is bounded since / e L°°{[0,T],P2{MP)) n L^{[0,T], J^). Next, the only difficulty concerning 
the continuity of K, is to check that of {vu)ue[o,T] dsAu(f>{vu)du. Since is bounded by 

C^{l + m2{fu) + J-yifu)) G it suffices to check that for each u e [0,T], Au4' is continuous 

□ 



on M . This follows from Lemma [2751 
We finally conclude the section with the 



Proof of Lemma \4-.'2\ The proof is actually almost contained in that of Lemma 14.61 Indeed, 
consider a weak solution / e L°°([0, T], P2(R^)) n L^{[Q,T],J^) to (dHI), and define, for each 
t e [0,T], the operator At by (|4.32p . We have checked in Step 6 the existence of a solution to 
AIP{{At)ti=[o,T]T^vo)- Of course, the same arguments allow us to prove the existence of a solution 
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{Vt)te[o.T] to M P{{At)te[Q.T]T fo) , since /o G V2{^^)- Consider now the law gt of Vt- Then taking 
expectations in (|4.34p . one easily deduces that {gt)te[o,T] solves (|4.3ip . so that due to Lemma 
g = f- Hence for each t e [0, T], the law of Vt is nothing but ft- Next, using Steps 3 and 5, 
we have shown how to build some /-Poisson measures N'^ in such a way that for {Vt^)te[o,T] the 
(Vb, /, k, N'')-pTOcess, lim^ ^^[supjQ j^j \ Vt — V^'^l'^] = 0. Denoting by the law of F/, this of course 
implies that lim^ sup[Q j^j W2{ft,ft) = 0, which was our goal. □ 



5. Applications 

We now prove our well-posedness results. We start with the case of regularized velocity cross 
sections. 

Proof of Corollary We assume (Al-A2-A3-A4(0)). We oberve that for any g e 7^2(1^^), 
Joig) 1- Hence for any pair of solutions (ft) and (/t)tg[o,T]i ^^^d such that one of them has a 
density for all times, (|1.22p follows immediately from Theorem 11.31 

Let us now prove the existence result. We found no reference about such an existence result, 
but it is completely standard. The case where /o S 7^2 (1^^) has a finite entropy, that is when 

/ /o(w)log(l + fo{v))dv < oo can be treated following the line of Villani [T^ (and is much more 

easy since we assume here that $ is bounded, while true soft potentials were treated there). The 
obtained solution has furthermore a finite entropy (and thus a density) for all times. Then the 
existence result for any /o G 7'2(K'^) is a straightforward consequence of p.22p : it suffices to 
consider a sequence f^ G 7^2 (K^) with finite entropy, tending to fo for the distance W2, and the 
associated weak solutions (/")te[o.T] to (|1.17p . Then (|1.22p ensures us that there exists {ft)te[o,T] 
such that lim„_^oo supjQ W2(/", ft) — 0. It is then not hard to pass to the limit in (|1.17p . and to 
deduce that {ft)te[o,T] is indeed a weak solution to (|1.17p . 

Let us now extend (|1.22p to any pair of solutions (/t)t6[o,T]j (/t)tG[o,T])j without assuming that ft 
(or ft) has a density for all times: consider f^ with a finite entropy, such that W2(/o, fo) tends to 
0, and the associated solution (/")(<= [o.t]- Since /" has a finite entropy (and thus a density) for 
all times, we deduce that for all n > 1, alH G [0, T], 

w^iftjt) < w^ift, rn + w^2(/r, /o < mifo, fo) + W2{f^, /o)]e^* 

(5.1) < [2W^2(/o,/?) + W^2(/o,/o)]e^* 

by the triangular inequality. Letting n tend to infinity, we obtain p.22p . The uniqueness result is 
now straightforward. □ 

We now study the case of soft potentials. 

Proof of Corollary HOI We consider 7 G (-3,0), and assume (A1)-(A2)-(A3)-(A4)(7). 

First note that we consider only solutions with densities here, since we work in with p > 
3/(3 + 7) > 1- 
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We also observe that for a £ (—3, 0), and for p e (3/(3 + a), oo], there exists a constant Ca.p such 
that for any g e 'P2{^^) n LP{m?), any v S K'^, 

Ja{g) = sup / Iw — d?;* 



< sup / |u — du* + sup / g{v^)dv* 

veR^ J\v,-v\<i veVi^ J\v,-v\>i 

(5.2) < Ca,p||g|Up(R3) + l, 

where = sup^^RS [/|„_„|<, |« - z;, = |z;,|"P/(P-i)di;,](P-i)/P < ^, 

since by assumption, ap/{p — 1) > —3. 

Step 1. We first observe that point (i) is an immediate consequence of Theorem 11.31 and (|5.2p . 
since we deal with solutions with densities. 

Step 2. We now check point (ii). We only have to prove the existence of solutions, since uniqueness 
follows from point (i). Using some results of Villani T^, Theorems 1 and 3], we know that for 
7 e (-3, 0), for any /o G P2(R^) satisfying 



(5.3) / /o(z;)log(l + /o(^;))dz; < ^, 

there exists a weak solution {ft)t>o G L°°{[0,oo),L^{W^,{l + |wp)dw)) to (|l.ip starting from /q. 
Recall that if fo G 7^2 (K^) n LP{R^) for some p > 1, then holds. Then the existence result 
of point (ii) follows immediately from the following a priori estimate, which guarantees that if 
fo G LP(R^) for some p > 3/(3 + 7), then this bound propagates locally (in time): there exists 
C = C{p, 7, Ki, K2, K3) such that any weak solution to (jl.ip a priori satisfies 

(5.4) |||/t||L. <C(1 + ||/,||L(K3)). 

This will guarantee that for < < < := — arctan ||/o||lp), we have 

(5.5) WftWLP < tan (arctan ll/olliP+Ci). 
Thus point (ii) will be proved. 

To obtain (|5.4p . we follow the method of Desvillettes-Mouhot, see O Proposition 3.2]. First, one 
classically may replace, in Acj) taken in the form (|1.18p . I3{9) by (i{9) = [/3(^)+/3(7r — 6')]]l{eg(o,7r/2]}: 
see e.g. [TJ Introduction] or O Section 2]. This relies on the use of (jl.lSp . Next, following the line 
of proof of Proposition 3.2], we get 

(5.6) 4 / \ft{vWdv<{p-l) [ ftMdv, f dv^v-v^l) mdO r dipifHv') ~ f!iv)l 

where v' is given by (I1.13p . Using now the cancelation Lemma of Alexandre-Desvillettes-Villani- 
Wennberg [I, Lemma 1] (with iV — 3, / given by ff, and B{\v — cos6') sinO ~ /3(f?)$(|w — w*|)), 
we obtain 

4 f \ft{vWdv<2n{p-l) f ftMdv, I ff{v)dv C'^ mdO 
"I je3 jr3 jr3 Jo 

(5.7) |cos"^(6i/2)$(|w-u*|cos-i(6l/2)) -$(!«- i;*|)| . 
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Due to (A4)(7), we know that \^{x) — ^{y)\ < k,z{x^ + y'^)\x — y\ / mm{x , y) . One easily deduces 
that for some constant C = Cin^), for aU x G K+, aU 6 G (0, 7r/2], 

|cos-3(6'/2)$(a;cos"i(6l/2)) - $(x)| < |cos-3(6»/2) - l| $(a;) 

+ cos~3(6l/2) |$(a;cos"i(6'/2)) - $(x)| 
< Ce^x'' + C\xcos-^{9/2) - x\{x'' + {xcos-^{ei2)y)/x 

(5.8) < ce'^x^. 

we used here that | cos^3(5)/2) - 1| + |cos-i(0/2) - 1| < cst^^ ^j. Q G (0,7r/2]. 
Since JJ^^^ 9'^(3{9)d9 < ki, we finally get, with C = C{'y,p, ki, K2, K3), 



- JJMvWdv < C I ff{v)dv I \v-v,\ytMdv, 



(5.9) 



< C / /f («)d« + 



f!{v)dv 



l + l/pN 



the last inequality using (|5.2p . This yields 



(5.10) 



from which (j5.4p immediately follows. 



□ 



6. Appendix 

We start this annex by recalling the generalized Gronwall Lemma and the associated Picard 
Lemma. 

Lemma 6.1. Let T > and a nonnegative function v on [0,T] such that v{s)ds < 00. 

(i) Any nonnegative hounded function on [0,r] satisfying u{t) < a + u{s)v{s)ds for all t G [0,r] 

also satisfies u{t) < aexp{J^ v{s)ds) for all t G [0, T]. 

(a) Consider a sequence of nonnegative functions Un on [0,T], with uq bounded and u„+i(i) < 
J^Unis)v{s)ds for all n>0, all t e [0,T]. Then Y,n>Q^'^P[o.T]'^n{t) < ||uo||oo exp(/p v{s)ds). 

We carry on with the 

Proof of Lemma \l.l\ We first prove (i). Recall that H{9) — Jg (3{x)dx, that G is its inverse 
function, and that 09-^-" < (3{9) < C9~^~'' for some v G (0, 2). Since H{9) < 0(9-" - tt-") (with 
a = C/v), we deduce that G{z) < {z/a + tt-")-'^/'' . Now for < ^ < w 

0<GM-G(„,) . -I GWu^l ^<j/ G(«r' 

c Jz L 
(6.11) < B \{1 + ezy^/" - {1 + ew)-^/" 

for some constants A, B, e > 0. We set a ^l/iy > 1/2, and first treat the 
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Case a G (1/2,1]. Let thus a; > j/ > 0, and z £ (0, co). Using the inequahty |u" — u"| < est 



\u — v\/{u 



1 — a I ^,1 — a\ 



we obtain, the value of B changing from Hne to Une, 



\G{z/x) - G(z/2/)P < B\{1+ ez/x)-^ - (1 + ez/yy^\''{{l + ez/x^-^ + (1 + ez/y)"-i)- 

X y 



< B 



2 / , \ 2-2a 

X + ez 



X + ez y + sz 
< B{x - yfz^x^^-^ix + ez)-^'^{y + ez)-^ 
(6.12) < B(a;-y)2x2"-2(a. + e^)-2a_ 

Integrating this inequahty, we get 



(6.13) 



dz\G{z/x)-G{z/y)Y < B{x-yYx 



2^2a-2^-2a 



< B 



< B- 



X X + y 

since x > y hy assumption. 
Case a G [1, oo). Let x > y > 0. Then 

\G{z/x)~G{z/y)\^ < B\{l+ez/x)-" - (l + ez/yyi^ 

(6.14) < B\{l+ez/x)-^ - (l + ez/yy^\^, 
and we may use the same computation as previously with a = 1. 

We leave the proof (ii) to the reader, and finally prove (iii). We thus assume that $(x) = x'' for 
some 7 G (—3,0), and show that (|1.9p holds with ^'(a;) =cst.a;'''. First, it is of course immediate 
that (x - y)^[<^ix) + $(y)] < (a; - y)'^[x'f + y"^]. Next, 

min(a;, y)|x — ?/||<i>(a;) — $(y)| < I7I min(a;, y)(a; — y)^ min(x, j/)'''^"'" 

(6.15) < \-i\{x-yfm:yn[x,yy<H[x-yf{x^+y^). 
Finally, 



• I 2 2nI*(2;) - ^ I |2 • / 2 2n/ x2inin(a:,y) 

mm(a; ,y )————— < I7I mm(a; , y )(a: - y) 



27-2 



$(x)+$(y) - s ,v xT + yT 

(6.16) < |7p(a;-y)2min(a;,y)^ < |7|2(a;-y)2(a;'^+y^). 

As a conclusion, pTg)) holds with *(a:) := (1 + I7I + 7^)0;''. □ 
Next, we give the 

Proof of U.19jl . Let thus £ C^, denote by (j)" its Hessian matrix, and set A — A{v,v^,,9, ip) = 
(j){v') + (t){v'^) — (j>{v) — </»(«*), where we used the shortened notation (|1.13p . Recalling that v' ~ v + a 
while v'^, — ~ a, sl Taylor expansion yields that for some wi,W2 G R'^, A = a.[\74>{v) — V0(w,)] + 
^a.[(j)"{wi) + <j)"{w2)]a. Recall now that J^'^ adip = -^^^^^(u- w*), and that |ap 
Hence 

Adip 



1 — cos 6 , „,,,,/,, 1 — cos 9 , , , 
< \v ~ w*|.|V(^(u) - V0(w,)| + 27r||0"|U \v - 



(6.17) < C(l-cos0)||0"||oo|f 

which yields the desired result, since 1 — cos 6' < 6'^. 

Next, we treat the 



□ 
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Proof of Lemma \2.1\ First, the second equality in (|2.3p is obvious, since c(u, w*, 2;, .) is 27r-peridodic. 
Next, we consider (j) G C^. We have aheady seen that A(j) is well-defined (see (|1.19p ). and Acj) is also 
well-defined, since, setting c — c{v,v^,,z,ip) for simplicity, \(j){v+c) — 4i{v)—c.V(l){v)\ < |cp||0"||oo/2. 
Using the substitution 9 = G{z/^{\v — which yields dz = — — v^,\)/3{9)d9, we get. 



00 />27r 



dz / d(p\c{v , v^: , z , ip)\ = <i>(|u — I) / (i{9)d9 I dip\a{v^Vt:,9,(p)\ 
Jo Jo Jq 

<i>{\v-v,\) f (3{9)d9 [ dip\v - v,f^—^^ < C\v - v,\H{\v - v,\ 



(6.18) 



thanks to (A2), where C depends only on ki. Thus A4> is well-defined for (j> G C^, and if G C^, 
(6.19) \AHv,v,)\ < C\\^"\Uv - v,\Hi\v -v,\) + C\\(f>'\\ao\v - v,m\v - v,\). 

Next, we consider again (p G C^. Using the substitution 9 — G(z/$(|u — u*|)), we observe that 
(using the shortened notation (|1.13p ) 

(3{9)d9 / d<fi[<j>(v') - (l){v) - a.V<j){v)] - ko{v - v,).V<j>(v) 



{6.20)A(t){v,v,) = <P{\v-v,\) 

Using now (|1.14p and that f3{9)d9 J^^ dipa ~ —ko{v — w*), we obtain 
A(j){v,v^) + A4'{v^,v) $(|w — u^l) 



(6.21) 
which was our goal. 



mde / d^icpiv') + 0«) - <p{v) - ci^M], 



□ 



Proof of Lemma [EM First (12. 5|) has already been proved, see (16. 18^ . Using again the substitution 
9 = G(z/$(|u - u,|)), we obtain ((2Jl) : 



dz 



dipc{v, w*, z, ip) 



$(|w - u. 



(3(9)d9 



dipa{v, v^,,9, If) 



(6.22) 



7r|w - v^\^{\v -v^\) / I3{9)d9 [1 - cos 6*] < C\v - v^\^{\v - v^\). 



Next, we observe that 



A 



\c{v, v^,z, if) - c{v, C*, z,Lp + ipQ{v -v^,v- w,) 



< 4 



1 - cosG(z/$(|u - u,|)) 



+4 

+4 



cosG(z/$(|w - v^D) - cosG(z/$(|i; - v^\)) 



sinG(z/<i>(|w - w*|)) 



V - -0*]) 



[r{v -v^,ip)~ r{v -v^,ip + ipq{v -v^,v~ u*))]) 



(6.23) 



lG(z/$(|w - w,|)) - sinG(z/$(|w - v,\)) 



r{v — v^,,(p + ipo{v — u,, w — u*)) 
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Using now Lemma that \r{X, (p)\ = \X\, and easy estimates about cosinus and sinus functions, 
we deduce that 



(6.24) 



A < C\{v-v,)-{i~v,)\^G^{z/^{\v~v,\)) 

+C\v - |G(z/$(|w - v^\)) - G(z/$(|w - 

roc , r27v 



On the one hand, the substitution = G(z/<I'(|u—w*|)) yields that dz J^^ dipG^{z/^{\v—v^.\)) — 
27r$(|t; — 9'^P{9)dO — 2nKi^{\v — and on the other hand we may use (A3). We thus 

get 



OO p27T 



(6.25) 



dz I d(pA < GKu - w,) - (u - ■L',)p$(|w - u,|) 
+C\v - u,| 



~ ,2(*(l«-«*l)-*(l«-^*l))' 



But using a symmetry argument, we easily deduce that 



OO f27T 



(6.26) 

Then (fOl) leads us to 



dz I dipA < G|(w - V,) - (v - u,)p($(|w - w,|) + $(|w - -5,1)) 
+Cmin(|w — \v — w*]^) 



2 ,i,mv-v.\)-nv-~vA)f 



$(|u-'y*|) + $(|'D-'D*|) 



dz \ dipA < C\{v - w,) - (w - S,)n*(|u -v^\) + *(|u - u,|)] 



(6.27) 



which yields (|2.6p . We finally check (|2.8p . Integrating first against dip, we get 



£> := 



dz 



dz 



dip[c{v, u*, z, (p) - c(u, u*, z, (^)] 
(u - w,)[l - cosG(z/$(|w - u,|))] - (w - ■D,)[l - cosG(z/'I>(|w - w»|))] 



< 7r|(u - w,) - (w - -D,)| / dz[l - cosG(z/$(|w - w,|))] 



+7r -D — 



dz |cosG(z/$(|w - w,|)) - cosG(z/$(|-D - -D,|))| 



< tt\{v - v^) - {v - v^)\ dzG^(z/$(|w - w,|)) 



(6.28) 



+Tr\v — 



G\z/mv - v,\)) - G^iz/mi - f},i)) 



The monotonicity of G ensures us that for any x,y > 0, 



(6.29) 



dz 



G\z/x)-G\z/y) 



dzG^{z/x)^ I dzG'^{z/y) 



On the other hand, dzG^{z/x) = xki (recall (A2)), thanks to the substitution 9 — G{z/x). 
We thus obtain 

(6.30) D < Ki7r|(u - w,) - (v ~ u*)|*(|w - u,|) + kit:\v - v^\.\^{\v - u*|) - $(|w - v^)]. 
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A symmetry argument and then p.9p thus yields 

D < Ki7r|(u - w,) - (u - - w^l) + - 

+Ki7rmin(|i; — v^,\, \v — t;*|)|<i>(|u — v^\) — — 
(6.31) < Ki7r|(u - w,) - (w - ■D,)|(*(|u - ^;,|) + *(|u - -D,!)), 

from which (12.81) foUows. 



We have already checked point (ii), see (|6.19p . Let us finally prove point (iii), following the line of 
[T^ Lemma 4.1]. We thus consider <j> G C^, with supp cj) C {\v\ < x}. Recalling (|6.20p . we see that 



1^0(-y,W,)| < Ko^{\v - V^\)\v - V^\\\(f>'\\oc^{\v\<x} 

+$(!?;- «,|)1{|„I<2,} / p{e)de f d^\cb{v') - cj){v) - a.Vcl}{v)\ 



27T 



(6.32) +$(|«-«*|)l{|.|>2x} / d^\4>{v')\=:Ai+A2+A:i. 

Jo Jo 

Recalling that v' — v + a, we deduce that \(j){v') — (f){v) — a.V0(w)| < |ap||0"||oo/2, and then 
recalling (|6.18p . we deduce that A2 < C| |0"| |oo$(|w — w,|)|u — |^l{|„l<2i}. Next, we observe that 
\(l){v')\ < ||'/)||ool{|„'|<x}- Since w' = w + a, we deduce that Ti-{\v\>2x,\v'\<x} < l{|t,|>22;,|a|>|t;|/2} < 
l{|i,|>2x}^i^- Thus, using (|6.18p again. 

As < <i>(|«-x;,|)l{|,|>2^jM2^ r/3(0)d0 r"d^|a|2 



2 
^0 

2 



(6.33) < C<^(\v - v4)l{\^,\>2x} ^ • 

As a conclusion, (|2.10p holds, which concludes the proof. □ 
Let us now give the 

Proof of Lemma \2.4\ First, similarly to (|6.18p . we get 

) r2w (.G[fc/*(|u-ii, I)] /•27r 

dz / d(^|c(u, w*, z, (/3)p = (f>(|u — w,|) / [3(9)d9 I d(p\a(v,v^,,6,ip)\'^ 



l-G[k/'i.(\v-v,\)] . _ n 

= 2^^{\v - v,\)\v - / m dO 

Jo 2 

(6.34) <C\v- w,p$(|w - w*|)£o(|i^ - 

by definition of e§, and since (1 — cos0) < 9^. This is nothing but (|2.12p . Next, one easily gets 
\xhQ{x) — yhQ{y)\ < |a;— ?/|(/i§(a;)+/io(y))+min(a;, j/)|/i§(a;) — /io(y)|. On the one hand, the definition 
of Hq and the substitution 9 = G{z/^{x)) yields /io(a:) < 7r$(x) {1 - cos9)p{9)d9 < 7rKi$(a;), 
and on the other hand, |/i§(x)-/io(y)l < /o°°^-^l cos G {z/^{x))- cos G{z/^{y))\ < C|$(a;)-$(y)|, 
recall the computations in (|6.28ll6.29ll6.30p . Hence ([01) yields \xh!^{x) -yh^{y)\ < C\x-y\{'P{x) + 
<!>(?/)) + Cmin(a;, ?/)|<i>(a;) - <i>(y)| < C|a: - 2;|(\E'(a;) + *(?/)), i.e. p.l3p . Next, an easy computation 
shows that /i§(a;) — 7r$(x) (1 — cos0)/3(0)rf0. Hence, recalling (|2.ip . |Ko2:*i'(2^) -~a;ft,o(a;)| = 

2;$(x)^/(f'''/*^""(l -cos0)/3(0)d0 < x'P{x)Tre^ix). 
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Finally, the fact that Eq is bounded by ki is obvious from (A2), and for x > fixed, k/^{x) tends 
to infinity, so that G[k/^{x)] tends to 0, and thus £0(2;) tends to 0. □ 

We conclude the paper with the 

Proof of Lemma \2.5[ We thus assume (Al-A2-A3-A4)(7) for some 7 G (—3,0], and consider 
(j) & C^, and g E 7^2 (IR'^) H Jj. We consider a sequence w„ ^ w in E'^, and we have to show 
that h{vn) — » hiv), where h{v) :— J^^ g{dv^,)A(|){v,v^,). Recalling (|6.20p . we write h{v) — hi{v) — 
Ko'V(j>{v).h2{v), with 

hi{v) := g{dv,)mv ~ v,\) (3{9)d9 d^A{v,v,,6,^), 

JR^ JO Jo 

A{v,v^,9,ip) := (t){v + a{v,v^,9,ip)) - (j){v) - a{v,v^,9,ip).V(l){v), 
(6.35) h2{v) :— / g((iu*)(w — u*)<f>(w — u*). 



First, due to (A4)(7), one has \x^{x) - y^{y)\ < |a; - y\{^{x) + $(y)) + min(x, y)\^{x) - $(y)| < 
C\x -ylix'^ +y'^). Thus, 

(6.36) \h2{vn) - h2{v)\ <C g{dv^)\vn - u|(|w„ - w*P + |w - w*P) < C|w„ - v\J^{g) 

JR^ 

as n tends to infinity, since g & J-y hy assumption. Next, we use the map (po introduced in Lemma 
and write 



p />7r p27r 

(6.37) hi{vn) ^ / 5((iw,)$(|w„ - w»|) / P{9)d9 dipA{vn,v*,9,ip + ^po{v - v^,,Vn - v*)). 

JR3 Jo JO 

We now introduce, for e > 0, hf, which is defined as hi but replacing <i> by ^d^) '■— <i>(max(x, e)). 
First, lim„ h\{vn) = h\{v) for each e > 0, due to the Lebesgue Theorem and the following facts: 

(i) is continuous and bounded due to ( A4) (7) ; 

(ii) lim„ A(u„, v<t,9,if + tpa{v — v^, u„ — v*)) = A(u, w*, 9, ip) for all u*, 9, ip (because due to Lemma 
[221 lim„ a(f„,z)*, 0, (p + lpq{v - w,, w„ - v*)) = a{v,v^,9, ip) ); 

(iii) \A(vn,v^,,9,ip + ipo{v-Vf,Vn-V'¥))\ < C^\vn~v^\'^9'^ < C0(sup„ |w„|^ + |w*|^)^^ which belongs 
to V-{g{dv^)fi{9)d9dip) due to (A2) and since g e L°°{[0,T],V2(S.^))- 

We thus just have to prove that linie^o liiiisup„ |/ii(wn)— /if (wn)| — and lim^^o \hi{v) — hl{v)\ — 0. 
Using point (iii) above and then (A2)-(A4)(7), 

„ |2/)2 



\hi{vn) - hl{vn)\ < / g(du,)$(|u„ - i;,|)l 

{\vn—vt\<e} I (3{9)d9 I dp\v^ 



(6.38) < / g(dw»)|u„ - w,p+''l{|i,^_„^l<e} < C0j^(g) 



This implies that limsup„ |/ii(w„) — /if (w„)| < C^J^{g)e'^ — > as e — > 0. The same computation 
shows that lim^^o \ hi{v) — /if (w)] = 0, and this concludes the proof. □ 
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